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THE R∞ PROPERTY
FOR CRYSTALLOGRAPHIC GROUPS OF Sol
KU YONG HA AND JONG BUM LEE
Abstract. There are 9 kinds of crystallographic groups Π of Sol. For
any automorphism ϕ on Π, we study the Reidemeister number R(ϕ).
Using the averaging formula for the Reidemeister numbers, we prove
that most of the crystallographic groups of Sol have the R∞ property.
1. Introduction
Let G1 and G2 be groups and ϕ,ψ : G1 → G2 be group homomorphisms.
Then the coincidence group coin(ϕ,ψ) is define to be
coin(ϕ,ψ) = {g ∈ G1 | ϕ(g) = ψ(g)}.
We also define an equivalence relation ∼ on G2 by
α ∼ β ⇔ β = ψ(γ)αϕ(γ)−1 for some γ ∈ G1.
The equivalence classes are called Reidemeister coincidence classes and
R[ϕ,ψ] denotes the set of Reidemeister coincidence classes. The Reide-
meister coincidence number R(ϕ,ψ) of ϕ,ψ is defined to be the cardinality
of R[ϕ,ψ].
A special case of the Reidemeister coincidence number is the Reidemeister
number.
Definition 1.1. Let G be a group and ϕ : G → G be a group homo-
morphism. The Reidemeister number R(ϕ) of ϕ is defined to be R(ϕ) =
R(ϕ, idG). We say that G has the R∞ property if R(ϕ) = ∞ for every
automorphism ϕ : G→ G.
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Suppose we have a commutative diagram of groups:
1 −−−−→ Γ1
i1−−−−→ Π1
u1−−−−→ Π1/Γ1 −−−−→ 1
ϕ′
yψ′ ϕyψ ϕ¯yψ¯
1 −−−−→ Γ2
i2−−−−→ Π2
u2−−−−→ Π2/Γ2 −−−−→ 1
where the top and bottom sequences are exact and where the quotient groups
Π1/Γ1 and Π2/Γ2 are finite. For each α¯ ∈ Π2/Γ2 and α ∈ u
−1
2 (α¯), we have
a commutative diagram
1 −−−−→ Γ1
i1−−−−→ Π1
u1−−−−→ Π1/Γ1 −−−−→ 1
ταϕ′
yψ′ ταϕyψ τα¯ϕ¯yψ¯
1 −−−−→ Γ2
i2−−−−→ Π2
u2−−−−→ Π2/Γ2 −−−−→ 1
Here τα is the homomorphism defined by conjugating α. Moreover the fol-
lowing sequence of coincidence groups
1→ coin(ταϕ
′, ψ′) i1−→ coin(ταϕ,ψ)
u1−→ coin(τα¯ϕ¯, ψ¯)
is exact. Remark that i2 : Γ2 → Π2 and u2 : Π2 → Π2/Γ2 induce maps
iˆα2 : R[ταϕ
′, ψ′]→R[ταϕ,ψ] and uˆα2 : R[ταϕ,ψ]→ R[τα¯ϕ¯, ψ¯] such that uˆ
α
2 is
surjective and (uˆα2 )
−1([1¯]) = im(ˆiα2 ). That is, the following sequence of sets
is exact:
R[ταϕ
′, ψ′]
iˆα
2−→ R[ταϕ,ψ]
uˆα
2−→ R[τα¯ϕ¯, ψ¯] −→ 1.
Analyzing the above exact sequences, we obtain the following averaging
inequality for Reidemeister numbers:
Theorem 1.2 ([8, Corollary 3.4, Theorem 3.5]). Suppose we are given the
above commutative diagram. Then:
(1) R(ϕ,ψ) is finite if and only if R(ταϕ
′, ψ′) is finite for every α ∈ Π2.
(2) We have
R(ϕ,ψ) ≥
1
[Π1 : Γ1]
∑
α¯∈Π2/Γ2
R(ταϕ
′, ψ′).
When either side of the inequality is finite, then equality occurs if
and only if coin(ταϕ,ψ) ⊂ Γ1 for each α ∈ Π2.
We have shown in [8, Theorem 4.2] that the above averaging inequal-
ity becomes identity when Πi are orientable Bieberbach groups of simply
connected nilpotent Lie groups of equal dimension. We generalize this re-
sult to Bieberbach groups of simply connected solvable Lie groups of equal
dimension.
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Corollary 1.3. Suppose in the above commutative diagram that Πi are tor-
sion free extensions of polycyclic groups Γi by finite groups Πi/Γi. If Γ1 and
Γ2 have the same Hirsch length, then
R(ϕ,ψ) =
1
[Π1 : Γ1]
∑
α¯∈Π2/Γ2
R(ταϕ
′, ψ′).
Proof. By Theorem 1.2.(1), we may assume R(ϕ,ψ) <∞. Then R(ταϕ
′, ψ′)
is finite for every α ∈ Π2. According to [11, Theorem 3.2], coin(ταϕ
′, ψ′) is
a trivial group. Since Π1/Γ1 is a finite group, the subgroup coin(τα¯ϕ¯, ψ¯) of
Π1/Γ1 is a finite group. From the above exact sequence, coin(ταϕ,ψ) is a
finite group in the torsion free group Π1 and hence it is a trivial group. Now
the result follows from Theorem 1.2.(2). 
Our aim is to understand the Reidemeister numbers of automorphism
on crystallographic groups of simply connected solvable Lie groups. For
the R∞ property of low-dimensional crystallographic groups modeled on
simply connected nilpotent Lie groups, we refer to [1]. In this paper, we
will consider the 3-dimensional simply connected solvable Lie group Sol,
and we shall study the R∞ property of crystallographic groups of Sol using
Theorem 1.2 and Corollary 1.3. The work of discovering which groups have
the R∞ property was begun by Fel’shtyn and Hill in [3].
2. The crystallographic groups of Sol
One can describe Sol as a semi-direct product R2 ⋊σ R where t ∈ R acts
on R2 via the matrix
σ(t) =
[
et 0
0 e−t
]
.
The group of affine automorphisms of Sol is Aff(Sol) = Sol ⋊ Aut(Sol).
Let K be a maximal compact subgroup of Aut(Sol). A discrete cocompact
subgroup of Sol ⋊K ⊂ Aff(Sol) is called a crystallographic group modeled
on Sol, simply an SC-group of Sol. A torsion free SC-group is called a
Bieberbach group or an SB-group of Sol.
Let Π be an SC-group of Sol. Let Γ = Π∩ Sol and Φ = Π/Γ. Then Γ is a
lattice (i.e., a discrete cocompact subgroup) of Sol and Φ is a finite group,
called the holonomy group of Π.
Now we recall from [10] that a lattice of Sol is determined by a 2 × 2
hyperbolic integer matrix A of determinant 1 and trace > 2. Let Γ be a
lattice of Sol. Then R2 ∩ Γ is a lattice of R2 and Γ/R2 ∩ Γ is a lattice of
Sol/R2 = R, so that R2 ∩ Γ ∼= Z2 and Γ/R2 ∩ Γ ∼= Z, and the following
diagram of short exact sequences is commutative
1 −−−−→ R2 −−−−→ Sol −−−−→ R −−−−→ 1x x x
1 −−−−→ Z2 −−−−→ Γ −−−−→ Z −−−−→ 1
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Choose a basis {x1,x2} for Z2 and a basis t0 for Z. Then
σ(t0)(xi) = ℓ1ix1 + ℓ2ix2, (i = 1, 2)
for some integers ℓij. Thus the lattice Γ is a subgroup of Sol generated by
x1,x2 and t0 satisfying the above identity. Let P =
[
x1 x2
]
be the matrix
with columns x1 and x2, and let
A =
[
ℓ11 ℓ12
ℓ21 ℓ22
]
.
Then
PAP−1 = σ(t0) =
[
et0 0
0 e−t0
]
and so A ∈ SL(2,Z). Note that P−1 consists of eigenvectors of A with
eigenvalues et0 and e−t0 . Notice also that A has trace et0+e−t0 = ℓ11+ℓ22 >
2. This implies that A is a hyperbolic matrix; it has different real eigenvalues:
one is greater than 1 and the other is less than 1. Furthermore, neither ℓ12
nor ℓ21 vanishes, see for example [10]. We shall denote such a lattice by ΓA.
Then
ΓA = 〈a1, a2, t | [a1, a2] = 1, tait
−1 = aℓ1i1 a
ℓ2i
2 〉
= 〈a1, a2, t | [a1, a2] = 1, tait
−1 = A(ai)〉.
For an element of the form ax1a
y
2, we shall use the notation a
x.
It is known from [6, Theorem 8.2] that there are 9 kinds of SC-groups
of Sol: ΓA, Π1(k), Π
±
2 , Π3(k,k
′), Π4(k), Π5(m,k,k′,n), Π6(k,k′), Π7(k)
and Π8(k,m). There are 4 kinds of SB-groups of Sol. We recall from [6,
Corollary 8.3] that ΓA and Π
±
2 are SB-groups, and the SC-groups Π1(k),
Π4(k), Π5(m,k,k
′,n), Π7(k) and Π8(k,m) are not SB-groups. The SC-
groups Π3(k,k
′) and Π6(k,k′) become SB-groups for a particular choice of
k and k′. In fact, we may assume
M =
[
−1 m
0 1
]
where m = 0 or 1. If m = 0, then ℓ11 = ℓ22 and ker(I − M)/im(I +
M) ∼= Z2 is generated by e2 = (0, 1)t. If m = 1, then ℓ11 − ℓ22 = ℓ21 and
ker(I −M)/im(I +M) is a trivial group and hence k = 0. It is shown in
[7, Corollary 8.3] that they are SB-groups if and only if m = 0, k = e2 and
k′ − k 6= 0. Thus they are not SB-groups if and only if
(1) m = 1,
(2) m = 0 and k = 0, or
(3) m = 0 and k = k′ = e2.
Remark 2.1. Let ϕ : Π → Π be an automorphism on an SC-group Π. By
[9, Lemma 2.1], there is a fully invariant subgroup Λ ⊂ ΓA = Π ∩ Sol of Π,
which is of finite index. Since ΓA is generated by a1, a2, t, it follows that Λ
is generated by some elements b1 = a
m1 , b2 = a
m2 , s = a∗tk. Furthermore,
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the subgroup 〈b1, b2〉 is a fully invariant subgroup of the lattice Λ (see for
example [10, Theorem 2.3]).
Let ϕ be a homomorphism on Π, and let Λ = 〈b1, b2, s〉 ⊂ Π be a lattice
of Sol such that ϕ(Λ) ⊂ Λ. Denote by ϕ′ the homomorphism obtained by
restricting ϕ on Λ. Then by [10, Theorem 2.4], ϕ(bi) = b
ni and ϕ(s) = bpsm
for some ni,p ∈ Z2 and m ∈ Z. We say that ϕ or ϕ′ is of type (I) if m = 1;
of type (II) if m = −1; of type (III) if m 6= ±1. When ϕ is of type (III), we
have ϕ(bi) = 1.
In the following sections we will show that the SC-groups Π−2 , Π3(k,k
′),
Π4(k), Π5(m,k,k
′,n), Π6(k,k′), Π7(k) and Π8(k,m) have the R∞ property
using Theorem 1.2 and Theorem 3.1. In order to apply Theorem 1.2, we
need to find a characteristic subgroup ⊂ ΓA of each SC-group. It turns out
that ΓA itself is a characteristic subgroup, not a fully invariant subgroup, of
all the SC-groups except Π5(m,k,k
′,n).
On the other hands, the groups ΓA, Π1(k) and Π
+
2 have finite Reidemeister
numbers of automorphisms ϕ only when ϕ is of type (II) with detϕ′ = −1.
When the automorphism ϕ is of type (II), it is obvious that ϕ2 is of type
(I). Therefore, R(ϕ2) =∞. In particular, the Reidemeister zeta function [2]
Rϕ(z) = exp
( ∞∑
n=1
R(ϕn)
n
zn
)
is not defined for any automorphism ϕ of an SC-group of Sol. In fact,
it is shown in [4] that if the Reidemeister zeta function is defined for an
automorphism on an infra-solvmanifold of type (R), then the manifold is an
infra-nilmanifold.
3. The SB-groups
In this section, we will study the Reidemeister numbers of automorphisms
on SB-groups of Sol (see also Section 4 of [5], in which a different method
is used).
Theorem 3.1. For any automorphism ϕ on ΓA, we have
R(ϕ) =
{
4 when ϕ is of type (II) and detϕ = −1;
∞ otherwise.
Proof. Let ϕ : ΓA → ΓA be an automorphism. Then it is determined by
ϕ(a1) = a
u1 , ϕ(a2) = a
u2 , ϕ(τ) = apτ±1
where det[u1 u2] = det[ϕ] = ±1. Notice that every element of ΓA is of the
form axτ z. Its Reidemeister class is
[axτ z] =
{
(aqτm)(axτ z)ϕ(aqτm)−1 | q ∈ Z2,m ∈ Z
}
.
A simple computation shows that
(aqτm)(axτ z)ϕ(aqτm)−1 = a∗τ z+m∓m.
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This implies that when ϕ is of type (I), the distinct z’s yield distinct Reide-
meister classes and so R(ϕ) =∞.
Assume ϕ is of type (II). Since
ϕ(τ)m = (apτ−1)m
=
{
A−m(A+A2 + · · · +Am)(ap)τ−m, m > 0;
(A+A2 + · · ·+A−m)(a−p)τ−m, m < 0,
we have
(aqτm)(axτ z)ϕ(aqτm)−1 = aMτ z+2m
where
M =
(
I −Az+2m[ϕ]
)
q+Amx+ pm,
pm =


−Az+m (A+A2 + · · · +Am)p, m > 0;
Az+2m(A+A2 + · · · +A−m)p, m < 0;
0, m = 0.
We recall that there is P such that
PAP−1 =
[
et0 0
0 e−t0
]
, P [ϕ]P−1 =
[
0 γ
δ 0
]
.
It follows that det(I −Az+2m[ϕ]) = 1 + det[ϕ]. If z = 0, then
M =
(
I −A2m[ϕ]
)
q+Amx+ pm.
If detϕ = 1, then det[ϕ] = −1 and det
(
I −A2m[ϕ]
)
= 0 and so there are
infinitely many Reidemeister classes and R(ϕ) = ∞. Assume detϕ = −1
or det[ϕ] = 1. Then det
(
I −A2m[ϕ]
)
= 2 for all m. From this, we can
show that there are four Reidemeister classes: {[1], [τ ], [ax0 ], [ax1τ ]} where
x0 /∈ im(I − [ϕ]) and x1 /∈ im(I −A[ϕ]). So, R(ϕ) = 4. 
Recall that
Π±2 = 〈a1, a2, β | [a1, a2] = 1, βaiβ
−1 = N±(ai) 〉,
where N± are square roots of A:
N± = −
[
ℓ11±1√
ℓ11+ℓ22±2
ℓ12√
ℓ11+ℓ22±2
ℓ21√
ℓ11+ℓ22±2
ℓ22±1√
ℓ11+ℓ22±2
]
.
Let ϕ : Π±2 → Π
±
2 be an automorphism. Then ΓA is a fully invariant
subgroup of Π±2 and thus we have the following commutative diagram:
1 −−−−→ ΓA −−−−→ Π
±
2 −−−−→ Φ
±
2 −−−−→ 1yϕ′ yϕ yϕ¯
1 −−−−→ ΓA −−−−→ Π
±
2 −−−−→ Φ
±
2 −−−−→ 1
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By Corollary 1.3, we have
R(ϕ) =
1
2
(
R(ϕ′) +R(τσϕ′)
)
.
Notice that [τσϕ
′] = N±[ϕ′]. Thus ϕ′ and τσϕ′ have the same type, and
det τσϕ
′ = detϕ′ for Π+2 and det τσϕ
′ = − detϕ′ for Π−2 . Assume ϕ
′ is
of type (II) with detϕ′ = −1. Recalling from Section 5.2 of [7] that any
automorphism on Π−2 cannot be of type (II), ϕ
′ and τσϕ′ are on Π+2 of type
(II), and det τσϕ
′ = −1. Hence we have:
Theorem 3.2. For any automorphism ϕ on Π+2 , we have
R(ϕ) =
{
4 when ϕ is of type (II) and detϕ′ = −1;
∞ otherwise.
The SB-group Π−2 has the R∞ property.
Next we consider the SB-groups Π3(k,k
′) and Π6(k,k′).
Theorem 3.3. The SB-groups Π3(k,k
′) and Π6(k,k′) have the R∞ prop-
erty.
Proof. Denote the SB-groups Π3(k,k
′) and Π6(k,k′) by Π3 and Π6 respec-
tively. Let ϕ : Π3 → Π3 be an automorphism. Since ΓA is a fully invariant
subgroup of Π3 (cf. [7, Lemma 5.3]), we have the following commutative
diagram:
1 −−−−→ ΓA −−−−→ Π3 −−−−→ Φ3 −−−−→ 1yϕ′ yϕ yϕ¯
1 −−−−→ ΓA −−−−→ Π3 −−−−→ Φ3 −−−−→ 1
By Corollary 1.3, we have
R(ϕ) =
1
2
(
R(ϕ′) +R(ταϕ′)
)
.
Assume ϕ′ is of type (II) with detϕ′ = −1. Then R(ϕ′) = 4. However, since
ταϕ
′(τ) = αϕ(τ)α−1 = α(a∗τ−1)α−1 = a∗τ , it follows that ταϕ′ is of type
(I) and hence R(ταϕ
′) =∞. In all, R(ϕ) =∞.
Let ϕ : Π6 → Π6 be an automorphism. Then we have the following
commutative diagram:
1 −−−−→ ΓA −−−−→ Π6 −−−−→ Φ4 −−−−→ 1yϕ′ yϕ yϕ¯
1 −−−−→ ΓA −−−−→ Π6 −−−−→ Φ4 −−−−→ 1
By Corollary 1.3, we have
R(ϕ) =
1
4
(
R(ϕ′) +R(τσϕ′) +R(ταϕ′) +R(τσαϕ′)
)
.
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Assume ϕ′ is of type (II) with detϕ′ = −1. Since ταϕ′(σ2) = αϕ(σ2)α−1 =
α(a∗σ−2)α−1 = a∗σ2, it follows that ταϕ′ is of type (I) and hence R(ταϕ′) =
∞. In all, R(ϕ) =∞. 
Our aim is to continue the study of the R∞ property for the remaining
SC-groups. In the following sections, we shall find a maximal characteristic
subgroup of every SC-group Π using Remark 2.1 and then we use Theo-
rem 1.2 to compute the Reidemeister numbers of all automorphisms on Π.
4. The SC-groups Π1(k)
Recall that
Π1(k) =
〈
a1, a2, t, β
∣∣∣ [a1, a2] = 1, tait−1 = A(ai),
βaiβ
−1 = a−ei , β2 = 1, βtβ−1 = akt
〉
,
where
e1 = (1, 0)
t, e2 = (0, 1)
t, k ∈
Z2
(2(Z2) + im(I −A))
.
Lemma 4.1. Let ϕ : Π1(k)→ Π1(k) be an automorphism. Then
ϕ(ai) = a
ni , ϕ(t) = apt±1, ϕ(β) = axβ
for some ni,p,x ∈ Z2 satisfying the following conditions
[ϕ] = [n1 n2] = [nij] ∈ GL(2,Z),
A±1[ϕ] = [ϕ]A,
2p =
{
(I −A)x+ (I − [ϕ])k when ϕ(t) = apt;
(I −A−1)x− (A−1 + [ϕ])k when ϕ(t) = apt−1.
In particular, the subgroup ΓA = 〈a1, a2, t〉 of Π1(k) is a characteristic sub-
group.
Proof. Every element of Π1(k) is of the form a
xtzβw with w ∈ {0, 1}. Sup-
pose ϕ : Π1(k) → Π1(k) is an automorphism. Since β is a torsion element
of order 2, so is ϕ(β). It follows that ϕ(β) = axβ.
If ϕ(ai) = a
nitmiβw, then βaiβ
−1 = a−1i ⇒ mi = 0. Since a
niβ is torsion
of order 2 and ϕ is an automorphism, ϕ(ai) = a
ni .
We have shown that the subgroup 〈a1, a2, β〉 ⊂ Π1(k) is characteristic and
hence ϕ induces an automorphism on the quotient group Π1(k)/〈a1, a2, β〉 ∼=
Z. This implies that ϕ(t) = apt±1βw. Assume ϕ(t) = apt±1β. Then
tait
−1 = A(ai)⇒ −A±1[ϕ] = [ϕ]A where [ϕ] = [n1 n2] = [nij ].
We choose an invertible matrix P so that PAP−1 = diag{et0 , e−t0} = D (see
[6, Remark 5.5]). Let Q = P [ϕ]P−1. Then −D±1Q = QD. This induces
Q = [ϕ] = 0, contradicting that ϕ is an automorphism. Thus ϕ(t) = apt±1.
In all, we have shown that ΓA is a characteristic subgroup of Π1(k).
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Observe further that tait
−1 = A(ai) induces
ϕ(tait
−1) = ϕ(A(ai))⇒ A±1[ϕ] = [ϕ]A.
From βtβ−1 = akt, we also have
ϕ(βtβ−1) = ϕ(ak)ϕ(t)⇒ (axβ)(apt±1)(axβ)−1 = ϕ(ak)apt±1.
This identity induces
2p =
{
(I −A)x+ (I − [ϕ])k when ϕ(t) = apt;
(I −A−1)x− (A−1 + [ϕ])k when ϕ(t) = apt−1.
This finishes the proof. 
Remark 4.2. Consider a homomorphism ϕ : Π1(k)→ Π1(k) defined by
ϕ(axtzβw) = βz, w = 0, 1.
It is clear that ϕ is not an automorphism and ϕ(ΓA) * ΓA. Thus ΓA is not
a fully invariant subgroup of Π1(k).
Theorem 4.3. Let ϕ : Π1(k) → Π1(k) be an automorphism and let ϕ
′ =
ϕ|ΓA . Then R(ϕ) =∞ if and only if ϕ
′ is of type (I) or type (III) or type (II)
with detϕ′ = 1. If ϕ′ is of type (II) with detϕ′ = −1, then 4 ≤ R(ϕ) <∞.
Proof. By Theorem 1.2, we have
R(ϕ) ≥
1
2
(
R(ϕ′) +R(τβϕ′)
)
.
Observe further that
ϕ′(ai) = ani , ϕ′(t) = a∗tω (ω ∈ {±1}),
τβϕ
′(ai) = a−ni , τβϕ′(t) = a∗t±ω.
Hence ϕ′ and τβϕ′ have the same type and detϕ′ = det τβϕ′. Thus R(ϕ) =
∞ if and only if R(ϕ′) = ∞ if and only if ϕ′ is of type (I) or type (III) or
type (II) with detϕ′ = 1 by Theorem 3.2. This proves the theorem. 
In the following, we will evaluate the Reidemeister numbers R(ϕ) for all
automorphisms ϕ on Π1(k) of type (II) with detϕ
′ = −1. This is exactly
the case when R(ϕ) <∞, and R(ϕ′) = 4.
In this case, the corresponding τβϕ
′ is also of type (II) and det τβϕ′ = −1,
and so R(τβϕ
′) = 4. Hence, from Theorem 1.2, we have 4 ≤ R(ϕ) <∞ and
equality occurs if and only if fix(ταϕ) ⊂ ΓA for all α ∈ Π1(k). Furthermore,
since detϕ′ = −1, the conditions of Lemma 4.1 become
[ϕ] =
[
−u (ℓ11−ℓ22)u−ℓ12vℓ21
v u
]
:=
[
−u v′
v u
]
∈ SL(2,Z),
2p = (I −A−1)x− (A−1 + [ϕ])k.
We will find conditions on ϕ for which both fix(ϕ),fix(τβϕ) ⊂ ΓA. By
Lemma 4.1, we have ϕ(t) = apt−1 and so τβϕ(t) = a∗t−1. Let artmβw
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be fixed by ϕ or τβϕ. Then we can see easily that m = 0 and hence
fix(ϕ),fix(τβϕ) ⊂ {a
rβw | r ∈ Z2, w ∈ {0, 1}}. Since ϕ′ is of type (II)
and detϕ′ = −1, we have det[ϕ] = 1 and so det(I ± [ϕ]) = 1 + det[ϕ] = 2
and (I − [ϕ])(I + [ϕ]) = 2I. Thus, we have
arβ ∈ fix(ϕ)⇔ (I − [ϕ])r = x⇔ r =
1
2
(I + [ϕ])x
arβ ∈ fix(τβϕ)⇔ (I + [ϕ])r = −x⇔ r = −
1
2
(I − [ϕ])x.
Note that 12(I + [ϕ])x +
1
2(I − [ϕ])x = x. Hence we obtain that
fix(ϕ) ⊂ ΓA ⇔ fix(τβϕ) ⊂ ΓA
⇔ (I + [ϕ])x /∈ 2(Z2)⇔ x /∈ im(I − [ϕ])
⇔ (I − [ϕ])x /∈ 2(Z2)⇔ x /∈ im(I + [ϕ]).
Consequently, R(ϕ) > 4 if and only if (I ± [ϕ])x ∈ 2(Z2).
Theorem 4.4. Let ϕ : Π1(k)→ Π1(k) be an automorphism. If 4 < R(ϕ) <
∞, then R(ϕ) = 8.
Proof. Since R(ϕ) is finite, ϕ′ = ϕ|ΓA is of type (II) and detϕ
′ = −1. The
assumption that R(ϕ) > 4 is equivalent to the condition that (I ± [ϕ])x ∈
2(Z2). In this case, we can see that
(1) x ∈ im(I ± [ϕ]), Ax± k ∈ im(I ±A[ϕ])
because (I ∓ [ϕ])x ∈ 2(Z2) and
(I ∓ [ϕ])(I ± [ϕ]) = 2I = (I ∓A[ϕ])(I ±A[ϕ]),(2)
(I −A[ϕ])(Ax − k) = 2Ax− 2Ap− 2k− (I + [ϕ])x ∈ 2(Z2),
(I +A[ϕ])(Ax + k) = 2Ax− 2Ap− (I − [ϕ])x ∈ 2(Z2)
Consider any element aqtzβw ∈ Π1(k). For any y ∈ Z2, we define
ym =


(I +A+ · · ·+Am−1)y, m > 0;
−(A−1 +A−2 + · · ·+Am)y, m < 0;
0, m = 0.
Then
(ayt)m = aymtm, (ayt−1)m = aA
1−mymt−m.
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We will determine its Reidemeister class [aqtzβw] as a subset of Π1(k).
First we observe that
(artm)(aqtz)ϕ(artm)−1
= a(I−A
2m+z [ϕ])r+Amq−Am+z+1pmt2m+z,
(artmβ)(aqtz)ϕ(artmβ)−1
= a(I−A
2m+z [ϕ])r−Amq+Amkz−Am+zx−Am+z+1pmt2m+z,
(artm)(aqtzβ)ϕ(artm)−1
= a(I+A
2m+z [ϕ])r+Amq+Am+z+1pm+Am+zkmt2m+zβ,
(artmβ)(aqtzβ)ϕ(artmβ)−1
= a(I+A
2m+z [ϕ])r−Amq+Amkz+Am+zx+Am+z+1pm+Am+zkmt2m+zβ.
Thus every Reidemeister class is one of the following forms [aq], [aq
′
t], [aqβ]
and [aq
′
tβ]; these classes are distinct each other.
Since x ∈ im(I − [ϕ]) and (I − [ϕ])(I + [ϕ]) = 2I, we have
[aq] = [aq
′
]⇔ q′ − q ∈ im(I − [ϕ]) or q′ + q+ x ∈ im(I − [ϕ])
⇔ q′ ± q ∈ im(I − [ϕ])
⇔ q′ − q ∈ im(I − [ϕ]).
This shows that there are exactly |det(I − [ϕ])| = 2 Reidemeister classes of
the form [aq].
Similarly, using the condition (1) and the identity (2), we have
[aqz] = [aq
′
z]
⇔ q′ − q ∈ im(I −A[ϕ]) or q′ + q+Ax− k ∈ im(I −A[ϕ])
⇔ q′ − q ∈ im(I −A[ϕ]),
[aqβ] = [aq
′
β]
⇔ q′ − q ∈ im(I + [ϕ]) or q′ + q− x ∈ im(I + [ϕ])
⇔ q′ − q ∈ im(I + [ϕ]),
[aqzβ] = [aq
′
zβ]
⇔ q′ − q ∈ im(I +A[ϕ]) or q′ + q− (Ax+ k) ∈ im(I +A[ϕ])
⇔ q′ − q ∈ im(I +A[ϕ]).
Since |det(I ±A[ϕ])| = |det(I ± [ϕ])| = 2, there are exactly 2 Reidemeister
classes of each of the forms [aqz], [aqβ] and [aqzβ].
In all, we have shown that there are exactly 2×4 = 8 Reidemeister classes
in Π1(k). That is, R(ϕ) = 8. 
We have shown in Theorems 4.3 and 4.4 that if R(ϕ) < ∞ then ϕ′ is of
type (II) and detϕ′ = −1. In this case, R(ϕ) = 4 or 8.
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In the SC-groups Π1(k), we recall that k ∈ Z2/L, where the lattice L :=
2(Z2) + im(I −A) is generated by the vectors[
2
0
]
,
[
0
2
]
,
[
1− ℓ11
−ℓ21
]
,
[
−ℓ12
1− ℓ22
]
.
Thus k depends on A. Indeed we can see that
(ℓ11, ℓ12, ℓ21, ℓ22) = (e, o, o, o) ⇒ k = 0;
(ℓ11, ℓ12, ℓ21, ℓ22) = (o, o, o, e) ⇒ k = 0;
(ℓ11, ℓ12, ℓ21, ℓ22) = (e, o, o, e) ⇒ k = 0 or e1;
(ℓ11, ℓ12, ℓ21, ℓ22) = (o, e, o, o) ⇒ k = 0 or e1;
(ℓ11, ℓ12, ℓ21, ℓ22) = (o, o, e, o) ⇒ k = 0 or e2;
(ℓ11, ℓ12, ℓ21, ℓ22) = (o, e, e, o) ⇒ k = 0, e1, e2 or e1 + e2.
Here we denote by o an odd integer and by e an even integer. Recall that
every automorphism ϕ on Π1(k) is determined by some ni,p,x ∈ Z2 satis-
fying the conditions in Lemma 4.1. Now, given A and k, we will discuss the
conditions on A and on the automorphisms ϕ on Π1(k) for which R(ϕ) = 8.
Theorem 4.5. Let A be the defining matrix of the pure lattice subgroup ΓA
of Π1(k). Let ϕ : Π1(k)→ Π1(k) be any automorphism so that ϕ
′ = ϕ|ΓA is
of type (II) and detϕ′ = −1. Then we have:
(1) When trA is odd, k = 0 and R(ϕ) = 8.
(2) When both ℓ11 and ℓ22 are even, k = 0 or e1 and R(ϕ) = 8.
(3) When both ℓ11, ℓ21 and ℓ22 are odd and ℓ12 is even, k = 0 or e1 and
R(ϕ) = 8.
(4) When both ℓ11, ℓ12 and ℓ22 are odd and ℓ21 is even, k = 0 or e2 and
R(ϕ) = 8.
(5) When both ℓ11, ℓ22 are odd and both ℓ12, ℓ21 are even, then k =
0, e1, e2 or e1 + e2. Moreover, R(ϕ) = 8 if and only if ϕ is de-
termined by the following conditions: For x = (x, y)t,
• when k = 0, x ∈ im(I − [ϕ]);
• when k = e1, either
[ϕ] =
[
−o e
e o
]
or [ϕ] =
[
−o o
e o
]
with y even;
• when k = e2, either
[ϕ] =
[
−o e
e o
]
or [ϕ] =
[
−o e
o o
]
with x even;
• when k = e1 + e2, either
[ϕ] =
[
−o e
e o
]
or [ϕ] =
[
−e o
o e
]
with x = (e, e)t or (o, o)t.
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Proof. Remark that det(I − A) = 2 − trA. Consider first the case where
trA is odd. Then ℓ12 and ℓ21 are both odd, and k = 0. In this case, we
have the condition 2p = (I − A−1)x. From this identity, we can conclude
that x ∈ 2(Z2) and hence (I − [ϕ])x ∈ 2(Z2).
Consider next the case where trA = ℓ11+ ℓ22 is even. We divide into two
cases.
Case 1: Both ℓ11 and ℓ22 are even.
Then both ℓ11 and ℓ22 are odd, and k = 0 or e1. If k = 0, then since
all the entries of I − A−1 are odd, the condition 2p = (I − A−1)x induces
that both entries of x are even or odd. If both entries of x are even, then
(I − [ϕ])x ∈ 2(Z2). Consider the case where both entries of x are odd. We
claim that all the entries of I − [ϕ] are either even or odd. This will imply
that (I − [ϕ])x ∈ 2(Z2). If u is even, then since det[ϕ] = −1, both v and
v′ are odd and hence all the entries of I − [ϕ] are odd. This shows that
(I − [ϕ])x ∈ 2(Z2). If u is odd, then v or v′ is even; we can see easily that if
v is even, then v′ must be even and so all the entries of I − [ϕ] are even and
hence (I− [ϕ])x ∈ 2(Z2); if v is odd and v′ must be odd, which is impossible.
Assume k = e1. Consider the condition
2p = (I −A−1)x− (A−1 + [ϕ])e1
=
[
1− ℓ22 ℓ12
ℓ21 1− ℓ11
] [
x
y
]
−
[
ℓ22
−ℓ21
]
−
[
−u
v
]
.
If v is odd, then ℓ21x + (1 − ℓ11)y must be even and so both x and y are
either even or odd; if both are even then (I − [ϕ])x ∈ 2(Z2), and if both
are odd then by the claim above we have (I − [ϕ])x ∈ 2(Z2). If v is even,
then ℓ21x+ (1− ℓ11)y must be odd and so u must be odd, and furthermore
v′ must be even, which yields that all the entries of I − [ϕ] are even and so
(I − [ϕ])x ∈ 2(Z2).
Case 2: Both ℓ11 and ℓ22 are odd.
Then (ℓ12, ℓ21) = (e, o), (o, e) or (e, e). When (ℓ12, ℓ21) = (e, o), then k =
0 or e1 and v
′ is even. From the fact that detϕ′ = −1, we have u is
odd. When k = 0, the condition 2p = (I − A−1)x induces that x must
be even. Hence (I − [ϕ])x ∈ 2(Z2). When k = e1,we have the relation
2p = (I − A−1)x − (A−1 + [ϕ])e1, which induces that x is odd if and only
if v is even. It follows that (I − [ϕ])x ∈ 2(Z2). When (ℓ12, ℓ21) = (o, e), we
repeat the above argument verbatim.
We finally consider the case where (ℓ12, ℓ21) = (e, e). Then k = 0, e1, e2 or
e1+e2. When k = e1+e2, the condition 2p = (I−A
−1)x−(A−1+[ϕ])(e1+
e2) induces that both −u+ v
′ and u+ v are odd. Thus (u, v, v′) = (o, e, e)
or (e, o, o). If (u, v, v′) = (o, e, e), then all the entries of I − [ϕ] are even and
so (I − [ϕ])x ∈ 2(Z2). Now suppose (u, v, v′) = (e, o, o). Then all the entries
of I − [ϕ] are odd. Thus (I − [ϕ])x ∈ 2(Z2) if and only if both x and y are
either even or odd.
When k = 0, for any x, since all the elements of I − A−1 are even there
is a unique p such that the condition 2p = (I − A−1)x holds. Hence for
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any automorphism ϕ on Π1(0), if it is determined by x ∈ im(I − [ϕ]), then
R(ϕ) = 8 and vice versa.
When k = e1, the condition 2p = (I − A
−1)x − (A−1 + [ϕ])e1 induces
that u is odd and v is even. If v′ is even, then (I − [ϕ])x ∈ 2(Z2); if v′ is
odd, then (I − [ϕ])x ∈ 2(Z2) ⇔ y ∈ 2Z. Hence for any automorphism ϕ
on Π1(e1), (I − [ϕ])x ∈ 2(Z2) if and only if v′ is even or else v′ is odd and
y ∈ 2Z.
When k = e2, we repeat the above argument verbatim. Hence for any
automorphism ϕ on Π1(e2), (I − [ϕ])x ∈ 2(Z2) if and only if v is even or
else v is odd and x ∈ 2Z. 
5. The SC-groups Π3(k,k
′)
Recall that
Π3(k,k
′) =
〈
a1, a2, t, β
∣∣∣ [a1, a2] = 1, tait−1 = A(ai),
βaiβ
−1 =M(ai), β2 = ak, βtβ−1 = ak
′
t−1
〉
,
where
M =
[
−1 m
0 1
]
and MAM−1 = A−1, and
(k,k′ − k) ∈
ker(I −M)
im(I +M)
⊕
ker(A−M)
im(A−1 +M)
.
Lemma 5.1. The subgroup ΓA = 〈a1, a2, t〉 of Π3(k,k
′) is a characteristic
subgroup.
Proof. Let ϕ : Π3(k,k
′) → Π3(k,k′) be an automorphism. Every element
of Π3(k,k
′) is of the form axtzβw with w = 0 or 1.
Because [a1, a2] = 1, there are the following 4 possibilities:
(1) ϕ(ai) = a
nitzi ,
(2) ϕ(ai) = a
nitzβ,
(3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2tzβ,
(4) ϕ(a1) = a
n1tzβ, ϕ(a2) = a
n2 .
We will show the last three possibilities cannot occur.
Consider the possibility (2) ϕ(ai) = a
nitzβ. Assume that ϕ(t) = axtvβw
with w = 0 or 1. Then, noting that (axtvβ)even = a∗ and (axtvβ)odd =
a∗tvβ, we have
tait
−1 = A(ai)⇒ (axtvβw)(anitzβ)(axtvβw)−1 = ϕ(aℓ1i1 a
ℓ2i
2 )
⇒ ℓ1i + ℓ2i is odd and so a
∗t2v±zβ = a∗tzβ.
Thus ϕ(t) = ax or ϕ(t) = axtzβ. By Remark 2.1, there is a fully invariant,
finite index, subgroup Λ of Π3(k,k
′) such that Λ ⊂ ΓA. By Remark 2.1, Λ
is generated by some elements of the form am1 ,am2 and a∗tk. Since ϕ(Λ) ⊂
Λ, and since 〈am1 ,am2〉 is a fully invariant subgroup of Λ, ϕ induces an
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automorphism on Λ/〈am1 ,am2〉 ∼= Z. It follows from the above observation
that ϕ(t) cannot be ax or axtzβ.
Consider the possibility (3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2tzβ. Assume that
ϕ(t) = axtvβw. Then we have
ta1t
−1 = A(a1)⇒ ℓ21 is even and so both ℓ11 and ℓ22 are odd,
ta2t
−1 = A(a2)⇒ 2v ± z2 = z2 (since ℓ22 is odd) and hence
if w = 0 then v = 0 and if w = 1 then v = z2.
As before, any case cannot happen. In a similar way, the possibility (4)
cannot occur.
Therefore we must have the only possibility (1) ϕ(ai) = a
nitzi . From
Remark 2.1 again, since 〈am1 ,am2〉 is a finite index subgroup of 〈a1, a2〉 ∼=
Z2, we have det[m1 m2] 6= 0. Furthermore, 〈am1 ,am2〉 is fully invariant, and
so ϕ(ami) ∈ 〈am1 ,am2〉. It follows that z1 = z2 = 0, i.e., ϕ(ai) = a
ni . This
shows that the subgroup 〈a1, a2〉 is a characteristic subgroup of Π3(k,k
′),
so ϕ induces an automorphism on the quotient group Π3(k,k
′)/〈a1, a2〉 ∼=
Z ⋊ Z2. This implies that ϕ(t) = apt±1 and ϕ(β) = axtzβ. In particular,
ΓA is a characteristic subgroup of Π3(k,k
′). Denote by ϕ′ the restriction of
ϕ on ΓA, and denote [ϕ
′] = [n1 n2]. 
Theorem 5.2. The SC-groups Π3(k,k
′) have the R∞ property.
Proof. For any automorphism ϕ on Π3(k,k
′), by writing ϕ′ = ϕ|ΓA , we have
R(ϕ) ≥
1
2
(
R(ϕ′) +R(τβϕ′)
)
.
Observe that
τβϕ
′(ai) = aMni , τβϕ′(t) = aMp(ak
′
t−1)±1.
This implies that ϕ′ is of type (II) if and only if τβϕ′ is of type (I). Conse-
quently, the theorem follows from Theorem 3.2. 
6. The SC-groups Π4(k)
Recall that
Π4(k) =
〈
a1, a2, α, β |
[a1, a2] = 1, αaiα
−1 = a−1i , α
2 = 1,
βaiβ
−1 = N(ai), αβα−1 = akβ
〉
,
where A has a square root N
N = −
[
ℓ11−1√
ℓ11+ℓ22−2
ℓ12√
ℓ11+ℓ22−2
ℓ21√
ℓ11+ℓ22−2
ℓ22−1√
ℓ11+ℓ22−2
]
and
k ∈
Z2
(2(Z2) + im(I −N))
.
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Lemma 6.1. The subgroup ΓA = 〈a1, a2, β
2〉 of Π4(k) is a characteristic
subgroup.
Proof. Let ϕ : Π4(k)→ Π4(k) be an automorphism. Every element of Π4(k)
is of the form axβzαw with w = 0 or 1.
Because α2 = 1, it follows that ϕ(α) = axα. If ϕ(ai) = a
niβmαw, then
αaiα
−1 = a−1i ⇒ m = w = 0. Thus ϕ(ai) = a
ni . In particular, we have
shown that the subgroup 〈a1, a2, α〉 ⊂ Π4(k) is characteristic and hence ϕ
induces an automorphism on the quotient group Π4(k)/〈a1, a2, α〉 ∼= Z. This
implies that ϕ(β) = apβ±1αw and thus ϕ(β2) = (apβ±1αw)2 = a∗β±2.
Consequently, we have shown that ΓA is a characteristic subgroup of
Π4(k). 
Theorem 6.2. The SC-groups Π4(k) have the R∞ property.
Proof. For any automorphism ϕ on Π4(k), by writing ϕ
′ = ϕ|ΓA , we have
R(ϕ) ≥
1
4
(
R(ϕ′) +R(ταϕ′) +R(τβϕ′) +R(ταβϕ′)
)
.
Observe further that
ταϕ
′(ai) = a−ni , ταϕ′(β2) = a∗(β2)±1,
τβϕ
′(ai) = aNni , τβϕ′(β2) = a∗(β2)±1,
ταβϕ
′(ai) = a−Nni , ταβϕ′(β2) = a∗(β2)±1.
Hence ϕ′, ταϕ′, τβϕ′ and ταβϕ′ have the same types and detϕ′ = det ταϕ′ =
− det τβϕ
′ = − det ταβϕ′ because detN = −1. This implies from Theo-
rem 3.2 that when ϕ′ is of type (II),
R(ϕ′) = 4⇔ detϕ′ = −1⇔ det τβϕ′ = 1⇔ R(τβϕ′) =∞.
Consequently, the theorem is proved. 
7. The SC-groups Π5(m,k,k
′,n)
Recall that
Π5(m,k,k
′,n) =
〈
a1, a2, t, α, β
∣∣∣
[a1, a2] = 1, tait
−1 = A(ai),
αaiα
−1 = a−1i , βaiβ
−1 =M(ai),
α2 = 1, β2 = ak, [α, β] = an
αtα−1 = amt, βtβ−1 = ak
′
t−1
〉
,
where M is traceless with determinant −1 and MAM−1 = A−1, and
(k,n+ k,k′ − k,m− n+M(k′ − k))
∈
ker(I −M)
im(I +M)
⊕
ker(I +M)
im(I −M)
⊕
ker(I −A−1M)
η × im(I +MA)
⊕
ker(A−1 +M)
im(A−M)
.
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Here η = 1 or 2, and η = 2 if and only if A and M can be conjugated
simultaneously to [
ℓ′11 ℓ
′
12
ℓ′21 ℓ
′
22
]
and
[
−1 1
0 1
]
so that both
ℓ′
21
gcd(ℓ′
22
−1,ℓ′
21
) and
ℓ′
21
gcd(ℓ′
22
+1,ℓ′
21
) are even.
Lemma 7.1. The subgroups 〈a1, a2, t
2〉 ⊂ 〈a1, a2, t, α〉 of Π5(m,k,k
′,n) are
characteristic subgroups.
Proof. Write Π5 = Π5(m,k,k
′,n). Let ϕ : Π5 → Π5 be an automorphism.
Every element of Π5 can be written uniquely as the form of a
xtzαvβw with
v,w ∈ {0, 1}.
Because α2 = 1, it follows that ϕ(α) = axα or axtzαvβ. Because [a1, a2] =
1 and using the fact that the elements of the form axα are torsion elements
of order 2, we can derive the following possibilities:
(1) ϕ(ai) = a
nitziαvi ,
(2) ϕ(ai) = a
nitzαviβ,
(3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2tzαv2β,
(4) ϕ(a1) = a
n1tzαv1β, ϕ(a2) = a
n2 .
Observe that (axtzαvβ)even = a∗ and (axtzαvβ)odd = a∗tzαvβ.
Consider the possibility (2) ϕ(ai) = a
nitzαviβ. Assume ϕ(t) = axtuαvβw.
Then tait
−1 = A(ai)⇒ ℓ1i+ ℓ2i is odd and so a∗t2u+(−1)
wzαvβ = a∗tzαvi′β,
respectively. Hence ϕ(t) is axαv or axtzαvβ. By Remark 2.1, Π5 has a fully
invariant subgroup Λ ⊂ ΓA and hence ϕ induces an automorphism on the
group Λ/Λ∩〈a1, a2〉 ∼= Z. This rules out the case ϕ(t) = axαv. Furthermore,
the above observation rules out the other case ϕ(t) = axtzαvβ.
Consider the possibility (3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2tzαv2β. Assume
ϕ(t) = axtuαvβw. Then
ta1t
−1 = A(a1)⇒ ℓ21 is even and so both ℓ11 and ℓ22 are odd,
ta2t
−1 = A(a2)⇒ 2u+ (−1)wz = z (since ℓ22 is odd).
Hence ϕ(t) is of the form axαv or axtzαvβ. As above, any case cannot occur.
Similarly, the possibility (4) cannot occur.
Therefore, we have the only possibility (1) ϕ(ai) = a
nitziαvi . From Re-
mark 2.1, since 〈am1 ,am2〉 is a finite index subgroup of 〈a1, a2〉 ∼= Z2, we
have det[m1 m2] 6= 0. Furthermore, 〈a
m1 ,am2〉 is fully invariant, and so
ϕ(ami) ∈ 〈am1 ,am2〉. Since
ϕ(ami) = ϕ(a1)
m1iϕ(a2)
m2i = (an1tz1αv1)m1i(an2tz2αv2)m2i
= a∗tm1iz1+m2iz2αm1iv1+m2iv2 ,
we have m1iz1 +m2iz2 = 0 and m1iv1 +m2iv2 is even. Because the matrix
[m1 m2] is nonsigular, z1 = z2 = 0 and hence ϕ(ai) = a
niαvi . If vi = 1 then
aniαvi is of order 2. This shows that ϕ(ai) = a
ni .
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This shows that the subgroup 〈a1, a2〉 is a characteristic subgroup of Π5,
so ϕ induces an automorphism ϕ¯ on the quotient group Π5/〈a1, a2〉, which
is isomorphic to
〈t¯, α¯, β¯ | α¯2 = β¯2 = 1, [α¯, β¯] = 1, α¯t¯α¯−1 = t¯, β¯t¯β¯−1 = t¯−1〉.
Recall that ϕ(α) = axα or axtzαvβ. Consider the case ϕ(α) = axα. Then
ϕ¯(α¯) = α¯. Since t¯ is a torsion-free element, ϕ¯(t¯) is a torsion-free element, say
t¯mα¯v. Because ϕ¯ is an automorphism fixing α¯, we must have ϕ¯(t¯) = t¯±1α¯v
and ϕ¯(β¯) = t¯zα¯v
′
β¯. This implies that ϕ(t) = apt±1αv and ϕ(β) = aqtzαv′β.
Consider next the case ϕ(α) = axtzαvβ. So, ϕ¯(α¯) = t¯zα¯vβ¯. As ϕ¯(t¯) is of
the form t¯mα¯v
′
with m 6= 0, we have
t¯α¯ = α¯t¯⇒ (t¯mα¯v
′
)(t¯zα¯vβ¯) = (t¯zα¯vβ¯)(t¯mα¯v
′
)
⇒ t¯m+zα¯v
′+vβ¯ = t¯z−mα¯v+v
′
β¯ ⇒ m = 0.
Thus this case cannot occur.
In all, we have shown that ϕ is of the form
ϕ(ai) = a
ni , ϕ(t) = apt±1αv ,
ϕ(α) = axα, ϕ(β) = aqtzαv
′
β.
Consequently, the subgroups 〈a1, a2, t
2〉 ⊂ 〈a1, a2, t, α〉 are characteristic
subgroups of Π5. 
Theorem 7.2. The SC-groups Π5(m,k,k
′,n) have the R∞ property.
Proof. Note that the subgroup 〈a1, a2, t
2〉 is a lattice of Sol determined by
the matrix A2. We denote this group by ΓA2 . Then Π5(m,k,k
′,n)/ΓA2 ∼=
(Z2)3. Let ϕ be an automorphism on Π5(m,k,k′,n). With ϕ′ = ϕ|Γ
A2
, by
Theorem 1.2 we have
R(ϕ) ≥
1
8
(
R(ϕ′) +R(ταϕ′) +R(τβϕ′) +R(ταβϕ′)
+ R(τtϕ
′) +R(τtαϕ′) +R(τtβϕ′) +R(τtαβϕ′)
)
.
Observe that
τβϕ
′(ai) = βaniβ−1 = aMni ,
τβϕ
′(t2) = β(apt±1αv)2β−1 = a∗t∓2.
This shows that ϕ′ is of type (II) if and only if τβϕ′ is of type (I). Conse-
quently, the theorem follows from Theorem 3.2. 
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8. The SC-groups Π6(k,k
′)
Recall that
Π6(k,k
′) =
〈
a1, a2, α, β
∣∣∣ [a1, a2] = 1,αaiα−1 = N(ai), βaiβ−1 =M(ai),
β2 = ak, βαβ−1 = ak′α−1
〉
,
where A has a square root N
N = −
[
ℓ11+1√
ℓ11+ℓ22+2
ℓ12√
ℓ11+ℓ22+2
ℓ21√
ℓ11+ℓ22+2
ℓ22+1√
ℓ11+ℓ22+2
]
,
and M is traceless with determinant −1 and MAM−1 = A−1, and
(k,k′ − k) ∈
ker(I −M)
im(I +M)
⊕
ker(N −M)
im(N−1 +M)
.
Lemma 8.1. The subgroup ΓA = 〈a1, a2, α
2〉 of Π6(k,k
′) is a characteristic
subgroup.
Proof. Every element of Π6(k,k
′) is of the form axαzβw with w = 0 or 1.
Let ϕ : Π6(k,k
′) → Π6(k,k′) be an automorphism. Because [a1, a2] = 1,
there are the following 4 possibilities:
(1) ϕ(ai) = a
niαzi ,
(2) ϕ(ai) = a
niαzβ,
(3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2αzβ,
(4) ϕ(a1) = a
n1αzβ, ϕ(a2) = a
n2 .
Observe that (axαzβ)even = a∗ and (axαzβ)odd = a∗αzβ.
Consider the possibility (2) ϕ(ai) = a
niαzβ. Let ϕ(α) = axαuβw. Then
αaiα
−1 = N(ai) induces that ℓ′1i + ℓ
′
2i is odd where N = (ℓ
′
ij), and so
a∗α2u+(−1)wzβ = a∗αzβ. Hence ϕ(α) is ax or axαzβ. By Remark 2.1,
Π6(k,k
′) has a fully invariant subgroup Λ ⊂ ΓA and hence ϕ induces an
automorphism on the group Λ/Λ ∩ 〈a1, a2〉 ∼= Z. This rules out the case
ϕ(α) = ax. Furthermore, the above observation rules out the other case
ϕ(α) = axαzβ.
Consider the possibility (3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2αzβ. Let ϕ(α) =
axαuβw. Then
αa1α
−1 = N(a1)⇒ ℓ′21 is even and so both ℓ
′
11 and ℓ
′
22 are odd,
αa2α
−1 = N(a2)⇒ 2u+ (−1)wz2 = z2 (since ℓ′22 is odd).
Hence ϕ(α) is of the form ax or axαz2β. As above, any case cannot occur.
Similarly, the possibility (4) cannot occur.
Therefore, we have the only possibility (1) ϕ(ai) = a
niαzi . From Re-
mark 2.1, since 〈am1 ,am2〉 is a finite index subgroup of 〈a1, a2〉 ∼= Z2, we
have det[m1 m2] 6= 0. Furthermore, 〈a
m1 ,am2〉 is fully invariant, and so
ϕ(ami) ∈ 〈am1 ,am2〉. Since
ϕ(ami) = ϕ(a1)
m1iϕ(a2)
m2i = (an1αz1)m1i(an2αz2)m2i = a∗αm1iz1+m2iz2 ,
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we have m1iz1 + m2iz2 = 0. As the matrix [m1 m2] is nonsigular, z1 =
z2 = 0 and hence ϕ(ai) = a
ni . This shows that the subgroup 〈a1, a2〉 is
a characteristic subgroup of Π6(k,k
′), so ϕ induces an automorphism ϕ¯
on the quotient group Π6(k,k
′)/〈a1, a2〉 ∼= Z ⋊ Z2, with generators α¯, β¯.
Hence we must have ϕ¯(α¯) = α¯±1 and ϕ¯(β¯) = α¯v′ β¯, or ϕ(α) = apα±1 and
ϕ(β) = aqαv
′
β.
Consequently, the subgroups ΓA = 〈a1, a2, α
2〉 ⊂ 〈a1, a2, α〉 are character-
istic subgroups of Π6(k,k
′). 
Theorem 8.2. The SC-groups Π6(k,k
′) have the R∞ property.
Proof. Let ϕ be an automorphism on Π6(k,k
′) and let ϕ′ be the restriction
of ϕ on ΓA. Since Π6(k,k
′)/ΓA ∼= (Z2)2, by Theorem 1.2, we have
R(ϕ) ≥
1
4
(
R(ϕ′) +R(ταϕ′) +R(τβϕ′) +R(ταβϕ′)
)
.
Since
τβϕ(ai) = βa
niβ−1 = aMni , τβϕ(α2) = a∗α∓2,
it follows that ϕ′ is of type (II) if and only if τβϕ′ is of type (I). By Theo-
rem 3.2, we have the result. 
9. The SC-groups Π7(k)
Recall that
Π7(k) =
〈
a1, a2, t, α
∣∣∣ [a1, a2] = 1, tait−1 = A(ai), αaiα−1 =M(ai),
α4 = 1, αtα−1 = akt−1
〉
,
where M is traceless with determinant 1 and MAM−1 = A−1 and
k ∈
Z2
(im(M +A−1) + im(I −A−1))
.
Consider the subgroup of Π7(k) generated by a1, a2, t and α
2. Since αtα−1 =
akt−1, we have
α2tα−2 = α(akt−1)α−1 = a(M−A)kt.
Note also that the condition on M above implies that M2 = −I. Hence the
subgroup 〈a1, a2, t, α
2〉 is Π1((M −A)k).
Lemma 9.1. The subgroup Π1((M −A)k) of Π7(k) is a characteristic sub-
group.
Proof. Every element of Π7(k) is of the form a
xtzαw with w = 0, 1, 2 or 3.
Let ϕ : Π7(k)→ Π7(k) be an automorphism. Because [a1, a2] = 1 and using
the fact that the elements of the form axα2 are torsion elements of order 2,
we can derive the following possibilities:
(1) ϕ(ai) = a
nitziαwi with wi ∈ {0, 2},
(2) ϕ(ai) = a
nitzαwi with wi ∈ {1, 3},
(3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2tzαw2 with w2 ∈ {1, 3},
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(4) ϕ(a1) = a
n1tzαw1 , ϕ(a2) = a
n2 with w1 ∈ {1, 3}.
Observe that (axtzαw)e = a∗t
e
2
(1+(−1)w)zαew when e is even.
Consider the possibility (2) ϕ(ai) = a
nitzαwi with wi ∈ {1, 3}. Let
ϕ(t) = axtuαw. Then tait
−1 = A(ai) induces that ℓ1i + ℓ2i is odd and
a∗t2u+(−1)
wzαwi = a∗tzαw1ℓ1i+w2ℓ2i . This implies that if w is even then
u = 0 and if w is odd then u = z. Hence ϕ(t) is ax,axα2,axtzα or axtzα3.
By Remark 2.1, Π7(k) has a fully invariant subgroup Λ ⊂ ΓA and hence ϕ
induces an automorphism on the group Λ/Λ∩〈a1, a2〉 ∼= Z. Since ϕ(t4) = a∗,
this rules out all the cases of ϕ(t).
Consider the possibility (3) ϕ(a1) = a
n1 , ϕ(a2) = a
n2tzαw2 with w2 ∈
{1, 3}. Let ϕ(t) = axtuαw. Then
ta1t
−1 = A(a1)⇒ ℓ21 is even and so both ℓ11 and ℓ22 are odd,
ta2t
−1 = A(a2)⇒ 2u+ (−1)wz = z (since ℓ22 is odd).
Hence ϕ(t) is ax,axα2,axtzα or axtzα3. As above, any case cannot occur.
Similarly, the possibility (4) cannot occur.
In all, we have the only possibility (1) ϕ(ai) = a
nitziαwi with wi ∈ {0, 2}.
From Remark 2.1, since 〈am1 ,am2〉 is a finite index subgroup of 〈a1, a2〉 ∼=
Z2, we have det[m1 m2] 6= 0. Furthermore, 〈am1 ,am2〉 is fully invariant,
and so ϕ(ami) ∈ 〈am1 ,am2〉. Since
ϕ(ami) = ϕ(a1)
m1iϕ(a2)
m2i = (an1tz1αw1)m1i(an2tz2αw2)m2i
= a∗tm1iz1+m2iz2αm1iw1+m2iw2 ,
we have m1iz1+m2iz2 = 0 and m1iw1+m2iw2 ≡ 0 mod (4). As the matrix
[m1 m2] is nonsigular, z1 = z2 = 0 and hence ϕ(ai) = a
niαwi with wi even.
Since aniα2 is an element of order 2, we must have wi = 0 and ϕ(ai) = a
ni .
On the other hand, since α is a torsion element, so is ϕ(α) and this shows
that ϕ(α) is of the form axtuαw with w odd.
In all, the subgroup 〈a1, a2, α
2〉 is a characteristic subgroup of Π7(k), so
ϕ induces an automorphism ϕ¯ on the quotient group Π7(k)/〈a1, a2, α
2〉 ∼=
Z ⋊ Z2, with generators t¯, α¯. It is clear that ϕ¯(t¯) = t¯±1. Summing up, we
have
ϕ(ai) = a
ni ,
ϕ(t) = apt±1αv with v even,
ϕ(α) = axtuαw with w odd.
Therefore it follows easily that the subgroup Π1((M−A)k) is a characteristic
subgroup of Π7(k). 
We remark from Lemma 4.1 that ΓA = 〈a1, a2, t〉 is a characteristic sub-
group of Π1((M−A)k) and v must be 0. Furthermore, ΓA is a characteristic
subgroup of Π7(k).
Theorem 9.2. The SC-groups Π7(k) have the R∞ property.
22 KU YONG HA AND JONG BUM LEE
Proof. Let ϕ be an automorphism on Π7(k) and let ϕ
′ be the restriction of
ϕ on Π1((M −A)k), which is of index 2 in Π7(k). By Theorem 1.2, we have
R(ϕ) ≥
1
2
(
R(ϕ′) +R(ταϕ′)
)
.
Since
ταϕ(ai) = α(a
ni)α−1 = aAni , ταϕ(t) = a∗t∓1,
it shows that ϕ′ is of type (II) if and only if ταϕ′ is of type (I). By Theo-
rem 3.2, we have the result. 
10. The SC-groups Π8(k,m)
Recall that
Π8(k,m) =
〈
a1, a2, α, β
∣∣∣ [a1, a2] = 1, βaiβ
−1 = N(ai),
αaiα
−1 =M(ai), α4 = 1,
αβ2α−1 = akβ−2, αβ−1 = amβα−1
〉
,
where A has a square root N
N = −
[
ℓ11−1√
ℓ11+ℓ22−2
ℓ12√
ℓ11+ℓ22−2
ℓ21√
ℓ11+ℓ22−2
ℓ22−1√
ℓ11+ℓ22−2
]
,
and M is traceless with determinant 1 and MAM−1 = A−1, and
(k,m) ∈
Z2
im ((I −A−1) + (M +A−1)(I +N))
⊕
ker(M +N−1)
im(M +N)
.
Notice that the subgroup 〈a1, a2, β
2, α〉 of Π8(k,m) is isomorphic to Π7(k),
and 〈a1, a2, β
2〉 = ΓA with holonomy group Φ8 ∼= D(4).
Note that every element of Π8(k,m) is of the form a
xβzαw with w ∈
{0, 1, 2, 3} and
• αwβz = a∗β(−1)wzα(−1)zw
• if w = 0, 2, then
(axβzαw)k =
{
a∗βkz, when k is even;
a∗βkzαw, when k is odd,
• if w = 1, 3, then
(axβzαw)k =


a∗, when k ≡ 0 (mod 4);
a∗βzαw, when k ≡ 1 (mod 4);
a∗α{1+(−1)z}w, when k ≡ 2 (mod 4);
a∗βzα{2+(−1)
z}w, when k ≡ 3 (mod 4).
Lemma 10.1. The subgroup ΓA = 〈a1, a2, t〉 is a a characteristic subgroup
of Π8(k,m).
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Proof. Let ϕ : Π8(k,m) → Π8(k,m) be an automorphism. Using the rela-
tion [a1, a2] = 1 and using the fact that the elements of the form a
xα2 are
torsion elements of order 2, we can derive the following possibilities:
(1) ϕ(ai) = a
niβzi ,
(2) ϕ(a1) = a
n1 , ϕ(a2) = a
n2βzαw with w ∈ {1, 2, 3},
(3) ϕ(a1) = a
n1βz1 , ϕ(a2) = a
n2βz2α2 with zi 6= 0,
(4) ϕ(a1) = a
n1βzαw, ϕ(a2) = a
n2 with w ∈ {1, 2, 3},
(5) ϕ(a1) = a
n1βz1α2, ϕ(a2) = a
n2βz2 with zi 6= 0,
(6) ϕ(ai) = a
niβziα2 with zi 6= 0,
(7) ϕ(a1) = a
n1βzαw1 , ϕ(a2) = a
n2βzαw2 with wi ∈ {1, 3}.
Consider the possibility (2): ϕ(a1) = a
n1 , ϕ(a2) = a
n2βzαw with w =
1, 2, 3. Let ϕ(β) = axβuαv. Then βa1β
−1 = N(a1) induces that
a∗ = a∗(βzαw)ℓ
′
21 .
If w = 2 then ℓ′21 must be even and so z = 0 as ℓ
′
21 6= 0. Since ℓ
′
22 is odd,
ϕ(a2) = a
n2α2. This element is of order 2, which is impossible. Hence w
is odd. We can show in a similar way that ℓ′21 ≡ 0 (mod 4) or else ℓ
′
21 ≡ 2
(mod 4) and z is odd; in any case since ℓ′21 is even, both ℓ
′
11 and ℓ
′
22 are odd.
Note that βa2β
−1 = aℓ
′
21
1 a
ℓ′
22
2 induces
a∗β2u+(−1)
vzα(−1)
u(w+((−1)z−1)v
=
{
a∗βzα3w when ℓ′22 ≡ 3 (mod 4) and z is even;
a∗βzαw otherwise.
This shows that if v is even then u = 0, and if v is odd then u = z. Hence
ϕ(β) is of the form axα2 or axβzαw with w odd. The element of the form
axα2 is of order 2 and so ϕ(β) = axβzαw. Note also that ϕ(β2) = a∗
or a∗α2. By Remark 2.1, Π8(k,m) has a fully invariant subgroup Λ ⊂
ΓA = 〈a1, a2, β
2〉 and hence ϕ induces an automorphism ϕ¯ on the group
Λ/Λ ∩ 〈a1, a2〉 ∼= Z, which is generated by some even power of β¯, say β¯2k.
Thus ϕ¯(β¯2k) = β¯±2k. This implies that ϕ(β2k) = a∗β±2k. This contradicts
that ϕ(β2) = a∗ or a∗α2. Thus the possibility (2) cannot occur. By a
symmetry of (2) and (4), the possibility (4) also can be eliminated.
Consider the possibility (3): ϕ(a1) = a
n1βz1 , ϕ(a2) = a
n2βz2α2 with
z1 6= 0. Let ϕ(β) = a
xβuαv. Then βaiβ
−1 = N(ai) induces that z1ℓ′1i +
z2ℓ
′
2i = (−1)
vzi. Thus (z1, z2) is a solution of (N
t−(−1)vI)x = 0. However,
since N t has irrational eigenvalues, it follows that zi = 0, a contradiction.
Similarly, we can show that the possibility (5) cannot occur.
Consider the possibility (6): ϕ(ai) = a
niβziα2. Let ϕ(β) = axβuαv. Then
by the same reason as above, βaiβ
−1 = N(ai) induces that z1ℓ′1i + z2ℓ
′
2i =
(−1)vzi and so zi = 0, a contradiction.
Consider the possibility (7): ϕ(ai) = a
niβzαwi with wi odd. Let ϕ(β) =
axβuαv. Observe that
ϕ(βaiβ
−1) = a∗β2u+(−1)
vzα(−1)
u((−1)z−1)v+wi).
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If 2u+(−1)vz = 0 then z is even and so (−1)u((−1)z−1)v+wi) = (−1)
uwi
is odd. On the other hand, ϕ(N(ai)) = a
∗(βzαw1)ℓ′1i(βzαw2)ℓ′2i . When
ℓ′1i + ℓ
′
2i is even, it can be seen that ϕ(N(ai)) = a
∗αeven. By comparing
both sides, we obtain a contradiction. When ℓ′1i + ℓ
′
2i is odd, it can be
seen that ϕ(N(ai)) = a
∗βzαodd. By comparing both sides, we obtain that
z = 2u+(−1)vz. This implies that if v is even then u = 0 and if v is odd then
u = z. Consequently, ϕ(β) = axα2 or axβzαw with w odd. Since axα2 is of
order 2, this case is eliminated. By the same reason as used in the possibility
(2), we also can exclude the remaining case where ϕ(β) = axβzαw with w
odd.
In all, we have the only possibility (1): ϕ(ai) = a
niβzi . From Re-
mark 2.1, since 〈am1 ,am2〉 is a finite index subgroup of 〈a1, a2〉 ∼= Z2, we
have det[m1 m2] 6= 0. Furthermore, 〈a
m1 ,am2〉 is fully invariant, and so
ϕ(ami) ∈ 〈am1 ,am2〉. Since
ϕ(ami) = ϕ(a1)
m1iϕ(a2)
m2i = (an1βz1)m1i(an2βz2)m2i
= a∗βm1iz1+m2iz2 ,
we havem1iz1+m2iz2 = 0. As the matrix [m1 m2] is nonsigular, z1 = z2 = 0
and hence ϕ(ai) = a
ni .
Since α4 = 1, we have ϕ(α) = axβzαw with z even and w ∈ {1, 3}. Thus
the subgroup 〈a1, a2, α
2〉 is a a characteristic subgroup of Π8(k,m), so ϕ
induces an automorphism ϕ¯ on the quotient group Π8(k,m)/〈a1, a2, α
2〉 ∼=
Z ⋊ Z2, with generators β¯, α¯. Hence we must have ϕ¯(β¯) = β¯±1 or ϕ(β) =
aqβ±1α2v . Consequently, the subgroups ΓA = 〈a1, a2, β2〉 is a characteristic
subgroup of Π8(k,m). 
Theorem 10.2. The SC-groups Π8(k,m) have the R∞ property.
Proof. Let ϕ be an automorphism on Π8(k,m) and let ϕ
′ be the restriction
of ϕ on ΓA. Since [Π8(k,m) : ΓA] = 8, by Theorem 1.2, we have
R(ϕ) ≥
1
8
∑
g∈Π8(k,m)/ΓA
R(τgϕ
′).
Since
ταϕ(ai) = α(a
ni)α−1 = aMni , ταϕ(t±1) = a∗t∓1,
it shows that ϕ′ is of type (II) if and only if ταϕ′ is of type (I). Hence the
theorem follows from Theorem 3.2. 
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